We study the general form of the noncommutative associative product (starproduct), treated as a deformation of usual "pointwise" product, on the Grassman algebra. We show that up to a similarity transformation, there is only one such product. The relation of the algebra F, algebra of elements of the Grassman algebra with the star-product as a product, to the Clifford algebra is discussed. *
Introduction
The noncommutative associative product of functions on the phase space (the star-product, the * -product in what follows) arises frequently in the physical literature. The traditional region where the * -product construction is conventionally applied, is the problem on quantizing the classical theory (i.e., the Poisson bracket) in the case where the phase space is a nontrivial manifold, the so-called geometrical or deformation quantizations (see [1] and references wherein). The connections of the * -product with quantum groups where recently found [2] , [3] . The gauge theories on noncommutative spaces, the so-called noncommutative gauge theories, are formulated in terms of the * -product (see [4] and [5] and reference wherein).
The structure and properties of the * -product on usual (even) manifolds are investigated in details [1] , [6] and [7] . The BRST formulation of the Fedosov construction [9] for the *product on symplectic manifolds was recently found [8] . On the other hand, the * -product on supermanifolds is not sufficiently studied. It is easy to formally extend the noncommutative product proposed in [10] to the supercase [11] , [12] , however there is no discussion of the question on the uniqueness of the * -product (the uniqueness of the "pointwise" product deformation) in the literature. In the present paper we investigate the general form of the associative * -product, treated as a deformation of the "pointwise" product, on the Grassman algebra of a finite number of generators. We show that up to a similarity transformation, only one such product exists.
The paper is organized as follows. In Sec. 2, we describe stating the problem. In Sec. 3, we present the solution of the associativity equation for the * -product. In Sec. 4, we prove the uniqueness (up to a similarity transformation) of the * -product and formulate the basic result. In Sec. 5, the relation of the algebra F of elements of the Grassman algebra with * -product as a product to the Clifford algebra is discussed. Notation and conventions. ξ α , α = 1, . . . , n are the odd anticommuting generators of the Grassman algebra:
Setting the problem
We consider the Grassman algebra G K over the field K = C or R with the generators ξ α , α = 1, 2, . . . , n.
The general element f of the algebra (a function of the generators) is
We also introduce the basis {e I } in the algebra G K :
The basis contains 2 n elements. Any element f of the algebra G K can be uniquely represented as
The integral over the generators is normalized as follows:
We are interested in the general form of the associative even * -product for arbitrary elements f 1 , f 2 :
i.e., the general form of bilinear mapping G K ×G K → G K satisfying the associativity equation:
and having the parity property
We solve associativity equation (3) in terms of the series in the deformation parameter h:
where the * 0 -product, the boundary condition, is the usual "pointwise" product:
Thus, we search for the general form of a possible even associative deformation of the "pointwise" product on the Grassman algebra. It is easy to verify that the * -product (as any bilinear mapping) can be written in the coordinate representation form
with a certain function (a kernel) P (ξ|ξ 1 , ξ 2 ), or in the momentum representation form
Let some associative even * -product exists, and let T be a nonsingular even linear mapping G K → G K :
Then the * T -product
is also an associative even * -product. We say, that the * T -product and * -product are related by a similarity transformation, or equivalent. Note that a nonsingular even change of the algebra generators:
where ζ α (ξ) is the inverse change, η α (ζ(ξ)) = ξ α , ε(η α ) = ε(ζ α ) = 1, belong to the similarity transformations. Any nonsingular even change can be represented as
with some functions u α (ξ), ε(u α (ξ)) = 1. The associativity equation for the first order deformation * 1 is:
The trivial solution to the equation (8) is * 1triv that is the first order approximation to the * 0T -product obtained from the usual product by a similarity transformation T = I +ht 1 + O(h 2 ), I means the identical mapping. This solution is of the form:
The problem is to describe all nontrivial solutions of the equation (8) , which appears to be sufficient for describing all solutions of associativity equation (3).
. . , f k+p ).
In this algebra there exists the natural grading g, g(Φ k ) = k, turning the algebra A into the graded algebra, g(A k ) = k, and the linear operator d H , the differential coboundary Hochschild operator A k → A k+1 , g(d H ) = 1, acting according to the rule:
It is easy to verify, that the operator d H is a graded odd differentiation
and is nilpotent d 2 H = 0. Equations (8) and (9) are written in terms of the operator d H as:
i.e., this means that * 1 belongs to the second Hochschild cogomology group, while the first order trivial deformations of the "pointwise" product are coboundaries, i.e., they belong to the zero Hochschild cogomology.
Solution of the associativity equation
We find the general solution of equation (8) for the first order inh deformation of the "pointwise" product. We follow the method in [13] . It is convenient to use coordinate representation (6) . Associativity equation (3) for the * -product is reduced to the equation for the kernel:
With the boundary condition taken into account, the kernel of the * -product has the following power series expansion inh:
The equation for the kernel m 1 follows from eq. (12)
Multiplying equation (13) by ξ α 1 and integrating over dξ 1 we obtain
Multiplying relation (14) by ξ β 1 and taking the antisymmetry of the left hand side of the resulting relation in α and β into account, we find
with a certain function ω αβ
It follows from equation (15):
. Substituting the obtained representation for a α 1 into relation (14), we obtain:
whence it follows
with a certain functionb 1 (ξ|ξ 2 ), ε(b 1 ) = n (mod 2). Thus, the first order deformation of the "pointwise" product can be represented in the form:
. Substituting the this representation for the * 1 -product into equation (8) (or in eq. (13)), we find
can not be represented as d H t(ξ|f 1 , f 2 ). To prove this we use the momentum representation for the functional t(ξ|f ):
The summand in d H t(ξ|f 1 , f 2 ) whose total order of the derivatives of the functions f 1 (ξ) and f 2 (ξ) is equal to 2, can arise only from the summand in t(ξ|f ) with coefficient t [α] 2 (ξ). Choosing
we obtain that the equality must be true
or ω αβ 1 (ξ) = t αβ (ξ). The last equality is possible only for ω αβ 1 (ξ) = 0 because ω αβ 1 (ξ) is symmetric matrix while t αβ (ξ) is an antisymmetric one.
We have thus found that the general solution of the equation (8) has the form
. If we perform the similarity transformation of the * -product,
with the operator 1 T 1 = e −ht 1 .
Then it is easy to verify that P T 1 has the following power series expansion inh:
In what follows we omit the index "T 1 " at the * T 1 -product and at the kernels P T 1 and m T 1 2 .
It is now useful to introduce the * -commutator [f 1 , f 2 ] * (ξ) for two functions f 1 (ξ) and f 2 (ξ):
and to define the Jacobian J(ξ|f 1 , f 2 , f 3 ) of three functions f 1 (ξ), f 2 (ξ) and f 3 (ξ):
We have J(ξ|f 1 , f 2 , f 3 ) = 0 (18) as the consequence of associativity equation (3) (the * -commutator satisfies the Jacobi identity). The direct calculation of the Jacobian J(ξ|f 1 , f 2 , f 3 ) for * -product (16) gives
. It follows from equation (18) that the function ω αβ 1 (ξ) satisfies the Jacobi identity:
Note that the function ω αβ (ξ) transforms under a change of the generators ξ α → η α (ξ) as a tensor in the following sense. Let operator T η (see (7)) describe a change of the generators. The power series expansion of the * -product
Therefore, the tensor function ω αβ 1 (ξ) is the symplectic metric of the Poisson bracket. We assume that the metric ω αβ 1 is nonsingular. As is known in this case there is a change of the generators ξ α → η α (ξ) reducing the symplectic metric to the canonical form
where λ α = 1 in the case of the Grassman algebra over complex numbers (G C ) and λ α = ±1 in the case of the Grassman algebra over real numbers (G R ). We assume that an appropriate similarity transformation is performed such that the tensor function in formula (16) is of canonical form (20). We represent the * -product as
where
and, in its turn, satisfies the associativity equation (see Appendix). Substituting expansion (21) into equation (12), we find that the kernel m ′ 2 satisfies just equation (13) whence it follows:
, ε(ω αβ 2 ) = 0, and a kernel t 2 (ξ|ξ 1 ), ε(t 2 ) = n (mod 2). The summand d H t 2 (ξ|f 1 , f 2 ) can be transformed out by the similarity transformation with the operator T = exp (−h 2t 2 ). Assuming that this similarity transformation is already performed, we obtain that the * -product can be represented as:
Assume that the * -product can be represented as
ω αβ k = ω βα k , ε(ω αβ k ) = 0, k ≥ 2, after appropriate similarity transformation.
Then the direct calculation of the Jacobian J(ξ|f 1 , f 2 , f 3 ) for this * -product (24) gives
. It follows from equation (18) that the function ω αβ k (ξ) satisfies the relation ( the Bianchi identity)
, ε(ω α k ) = 1. We perform the similarity transformation of * -product (24) with the operator T = exp (−h k−1 ω α k (ξ)∂ α ). Taking the relations
into account, we obtain that the transformed * -product has the form (index T is omitted):
and m ′ k+1 satisfies equation (13) . It remains to apply the induction method. We have thus shown, that any associative * -product with the boundary condition (5) on the Grassman algebra can be obtained from the * G(hλ) -product with a similarity transformation.
Uniqueness
We have established that any * -product with boundary condition (5) and a nonsingular metric in the first order deformation can be reduced to the form of the * G(hλ) -product by the similarity transformations generated by the operators of the type
T η is the operator of a nonsingular change of the generators. It is essential, that it is impossible to reduce the * -product with a nonsingular tensor ω αβ 1 (ξ) to the "pointwise" product by a similarity transformations of this type because t 1 does not contribute to ω αβ 1 (ξ) and T η does not violate the nonsingularity of the tensor ω αβ 1 (ξ) (see (19)). The question arises whether there exists similarity transformation generated by an operators T of the more general form that does reduce the * G(hλ) -product to the "pointwise" one? We now show that the answer to that question is in negative.
In fact, any nonsingular operator T can be written as
with a certain nonsingular operator T ′ = T |h =0 . By virtue of the boundary condition for the * -product (see (4) and (5)), the similarity transformation generated by the operator T ′ should leave the "pointwise" product invariant, i.e., the operator T ′ should satisfy the equation
We now show that the general solution of equation (26) is given by the similarity transformations generated by the nonsingular change of the generators
with some functions η α (ξ), ε(η α ) = 1. Let f 2 (ξ) = 1. It follows from (26)
because we assume that T ′ is a nonsingular operator.
We further choose f 1 (ξ) = exp (ξ α p α ), f 2 (ξ) = exp (ξ α q α ), where p α and q α are odd generators (in the wider Grassman algebra with the generators ξ α , p α , q α ), and introduce a notation dξf (ξ)e ξ α pα ≡f(p).
It follows from relation (26)
whence we obtainT
Taking the inverse Fourier transform ofT ′ (ξ|p), we find
Thus, we have proved the following. Theorem Any associative * -product on the Grassman algebra G K with boundary condition (5) and the nonsingular symplectic metric appearing in the first order deformation * 1 is equivalent to (i.e., is connected by a similarity transformation with) the * -product Ph λ G (ξ|f 1 , f 2 ), which is not equivalent to the "pointwise" product ath = 0,. We note also, that the * G(hλ) -products with different values of the parameterh can be connected by a similarity transformation (generated by a scale transformation of the generators ξ α ).
Relation to the Clifford algebra
In this Section, we discuss the relation of the algebra F K , the algebra of the elements of the Grassman algebra G K (i.e., the functions of the generators) with the * -product as a product, to the Clifford algebra K K over the field K and its representations.
We take the * G(λ) -product 2 for a product in the algebra F K . The comment on the general * -product is at the end of the Section.
It is easy to verify that the * G(λ) -product has the properties
for any function f (ξ) and c = const, and
The explicit calculation gives
i.e., the generators ξ α form the Clifford algebra with the * G(λ) -product. Collecting together definition (1) and properties (2), (27), (28) and (29), we obtain that the following Statement is true:
The algebra F K of functions f (ξ) of the generators ξ α of the Grassman algebra G K with the * G(λ) -product as a product is isomrphic to the Clifford algebra K K over K with the generators γ α , γ α γ β + γ β γ α = 2λ α δ αβ . The isomorphism F K ⇐⇒ K K is given by the mapping:
What we can say about the representations of the algebra F K , which are simultaneously the representations of the Clifford algebra? The property that is naturally valid in the algebra F K . In addition, there is the natural Z 2 -grading g in this algebra, namely, g(f ), where f is considered an element of the algebra F K , coincides with the Grassman parity ε(f ), where f is considered an element of the algebra G K . If we introduce the Z 2 -grading g in the Clifford algebra, g(Γ I ) = k (mod 2), I = α 1 · · · α k , then isomorphism (30) preserves the grading. It is natural to require for the representations of the algebra F K to inherit these properties.
All the matrices realizing the basic elements Γ I of the algebras K C and K R are linearly independent for even n = 2k. In addition, the matrices realizing the basic elements of the algebra K R are linearly independent for odd dimensions n = 2k + 1 if δλ (n) ≡ α λ α = 3 (mod 4). 3 In all these cases, there is only one irreducible representation of the algebra F K (at fixed n and δλ (n) ) coinciding with the irreducible representation of the algebra K K and the representations of F R (and K R ) are nonequivalent at fixed n and different δλ (n) .
The algebras K C for odd n = 2k + 1 and the algebras K R for odd n = 2k + 1 and δλ (n) = 1 (mod 4) 4 are decomposed into a direct sum of two simple subalgebras. One of these subalgebra is realized by zero in the irreducible representations. Therefore irreducible representations of the Clifford algebra can not be exact representations of the algebra F K (and the algebra K K ). The minimum exact representation V of the algebra F K is decomposed into a direct sum of two irreducible representations, V = V + + V − , (V + and V − are nonequivalent if the grading is taken into account), the projectors P ± on V ± are P ± = (1 ± Γ 12···n )/2.
We finally consider the general * -product. Let T be the operator generating a similarity transformation of the * -product to the * G(λ) -product:
Then the isomorphism F K ⇐⇒ K K is given by:
where the matrix T I J is defined by T e I = T I J e J . Isomorphism (31) of the algebras G K and K K preserves the above-introduced grading because we consider the even operators T only.
